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The classical generalized self-consistent model (GSCM) is recognized to be suitable and eﬃcient for estimating the eﬀec-
tive moduli of an isotropic composite consisting of an isotropic host matrix and an isotropic inclusion phase. The present
work aims to enlarge the scope of the GSCM so that it becomes applicable to a good number of important situations where
the phases cannot be diﬀerentiated as the host matrix and inclusions. This objective is achieved ﬁrst by inserting into the
unknown eﬀective medium a coated composite sphere whose core is made of the unknown eﬀective medium and whose
coatings are formed of the constituent phases and then by imposing an energy equivalency condition. The equations thus
obtained to characterize the eﬀective bulk and shear moduli involve a microstructural parameter which turns out to be
capable of describing in some sense how far a microstructure is from the host matrix/inclusion morphology. The important
case of two-phase composites is studied in detail to illustrate the salient features of the proposed model.
 2007 Elsevier Ltd. All rights reserved.
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Shtrikman1. Introduction
Estimation of the eﬀective mechanical properties of composite materials in terms of the phase properties
and microstructure is a lastingly standing issue. Among a large number of eﬀective medium models proposed
to achieve this purpose, we can distinguish two classes of models which have been extensively developed for
two kinds of heterogeneous materials. The self-consistent models, including those of Hershey (1954), Kro¨ner
(1958), Budiansky (1965) and Hill (1965), form the ﬁrst class and are known to be eﬃcient for disordered
materials such as polycrystals. The matrix-inclusion based schemes, comprising the models of Mori and
Tanaka (1973), Kuster and Toksoz (1974), Ponte Castaneda and Willis (1995), the double inclusion model
of Hori and Nemat-Nasser (1993), the generalized self-consistent model (GSCM) of Christensen and Lo
(1979) and the eﬀective self-consistent model of Zheng and Du (2001), constitute the second class and are0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
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to now, few micromechanical models have been proposed for composites whose phases are neither disordered
nor of matrix-inclusion type. The present work aims at enlarging the scope of GSCM in such a way that it is
applicable for estimating the eﬀective moduli of isotropic composites consisting of isotropic phases whose
microstructure may be of matrix-inclusion type, disordered or intermediate.
GSCM, initiated by Van der Poel (1958), improved by Smith (1974), Smith (1975) and completed by Chris-
tensen and Lo (1979), is recognized to be particularly eﬃcient for estimating the eﬀective shear modulus of
isotropic composites formed of an isotropic host matrix phase and an inclusion phase (Christensen, 1990,
1998). Now, GSCM is with no doubt one of the mostly widely adopted micromechanical models in the liter-
ature. After the well-known work of Christensen and Lo (1979), GSCM has been extended in several direc-
tions to widen its domain of applicability. Herve´ and Zaoui (1993) considered an n-layered inclusion
instead of a single-coating inclusion. This renders GSCM applicable for dealing with the case where an inter-
phase exists between the host matrix and inclusions and for treating the case where inclusions consist of a
graded material. Huang et al. (1994) elaborated an interesting procedure allowing inclusions to be multiphase.
Le Quang and He (2004) extended GSCM to calculating the eﬀective shear modulus of isotropic composites
consisting of phases with spherically transverse isotropy. Recently, Pense´e and He (2007) proposed a method
making GSCM capable of estimating the apparent elastic moduli of a ﬁnite-size specimen smaller than a rep-
resentative volume element.
The present work is inspired from the recent one of He and Benveniste (2004). In the latter, to obtain a rich
class of exact results, the nested composite sphere assemblage of Milgrom and Shtrikman (1989) was used for
isotropic composites with two spherically anisotropic thermoelastic phases. However, only the isotropic load-
ing was considered in the work of He and Benveniste (2004), so that the problem of determining the eﬀective
shear modulus remains open. The nested composite sphere assemblage introduced by Milgrom and Shtrikman
as a microstructure is diﬀerent from the well-known composite sphere assemblage of Hashin and Shtrikman
(1962) (see also Hashin, 1962) in that the core of a composite sphere in the former is made of the unknown
eﬀective medium. The volume fraction q of the constituent phases in this composite sphere, deﬁned by Eq. (8),
is the characteristic parameter of the relevant microstructure. In the present work based on the basic idea of
GSCM and not on the concept of neutral inclusions as in He and Benveniste (2004), the composite sphere
embedded in the inﬁnite unknown eﬀective medium has the core made of the unknown eﬀective medium
and coated by the constituent phases. Thus, this extended version of GSCM involves q as one parameter.
In particular, taking q = 1, we ﬁnd the classical GSCM suitable for materials of matrix-inclusion type; letting
q! 0 while keeping the phase volume fractions unchanged, the phases can be interchanged without aﬀecting
the results about the eﬀective bulk and shear moduli, as will be shown below. Thus, the microstructural
parameter q varying from 1 to 0 appears to play the role of describing how far a microstructure is from
the matrix-inclusion morphology.
The paper is structured as follows. In Section 2, the proposed one-parameter GSCM is described in a sum-
mary way. In Section 3, how to determine the eﬀective bulk modulus is speciﬁed for multiphase composites.
The main result obtained in Section 3 can be viewed as extending the formula of He and Benveniste (2004)
about the eﬀective bulk modulus to the case where the phases are multiple but isotropic. Section 4 is dedicated
to deducing the equation governing the eﬀective shear modulus. Unlike the classical GSCM, the eﬀective shear
modulus is characterized by a ﬁfth-order polynomial equation. Section 5 is an important part of the paper
where the results derived in Sections 3 and 4 are illustrated and interpreted by examining the important case
of two-phase composites. The paper is closed by drawing a few concluding comments in Section 6.2. Description of the model
Consider a composite material consisting of n (P2) linearly elastic and isotropic phases which are individ-
ually homogeneous and perfectly bonded together. At the macroscopic scale, the composite is assumed to be
statistically homogeneous and linearly elastic isotropic. Thus, the stress–strain relation of phase i is given byrðiÞ ¼ CðiÞeðiÞ; CðiÞ ¼ ji  2
3
li
 
I Iþ 2liI; ð1Þ
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3
l
 
I Iþ 2lI: ð2ÞIn the above equations, ji and li designate the bulk and shear moduli of phase i, j* and l* stand for the eﬀec-
tive bulk and shear moduli of the composite, I is the second-order identity tensor, and I is the fourth-order
identity tensor on the space of second-order symmetric tensors.
Given the volume fraction ci and moduli ji and li of phase i (=1,2, . . . ,n), our problem is to evaluate the
eﬀective bulk and shear moduli j* and l* of the composite. To this end, we ﬁrst consider an inﬁnite homoge-
neous medium X whose stress–strain relation is deﬁned by Eq. (2) and let X undergo either of the homoge-
neous strain and traction boundary conditions:uðxÞ ¼ ex; ð3Þ
tðxÞ ¼ rnðxÞ; ð4Þwhere x belongs to the boundary oX of X and n is the outward unit normal vector to oX, e is a constant mac-
roscopic strain tensor and r is a constant macroscopic stress tensor. Under the condition (3), the strain-energy
of X is given byU 0ðeÞ ¼ 12volðXÞe : Ce: ð5Þ
Under the condition (4), the stress-energy of X is speciﬁed byW 0ðrÞ ¼ 12volðXÞr : Sr; ð6Þ
where S ¼ ðCÞ1 is the eﬀective compliance tensor.
Next, we cut a sphere out of the foregoing inﬁnite eﬀective medium and substitute back an n-layered sphere
with a core while imposing the same boundary condition on oX as before. The core of this composite sphere is
made of the unknown eﬀective medium and each of its n coating layers is composed of one of the n constituent
phases (Fig. 1). For later use, it is convenient to number these phases from the inner shell to the outer shell.
Precisely, letting r0 be the radius of the spherical surface S0 enclosing the core and letting rn be the radius of theFig. 1. One-parameter GSCM for isotropic multiphase composites.
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ri and ri1 (1 6 i 6 n) is referred to as phase i. We designate the core and the outside medium of the composite
sphere by phases 0 and n + 1, respectively. The radii ri are set so that they are compatible with the prescribed
phase volume fractions ci in the sense thatci ¼ r
3
i  r3i1
r3n  r30
: ð7ÞAnother characteristic parameter of the composite sphere is given byq ¼ r
3
n  r30
r3n
; ð8Þwhich describes the volume fraction of the n phases in the layered composite sphere. The usual geometrical
conﬁguration of the generalized self-consistent model is found in the particular case where r0 = 0 or q = 1.
The perfect bonding at the interface r = rk with k 2 [0,n] requires the continuity of the stress vector and of
the displacement vector across it. Theses continuity conditions can be expediently written in the recurrent
matrix form:LkðrkÞwk ¼ Lkþ1ðrkÞwkþ1: ð9Þ
In this formula, wk is a two- or four-component vector and Lk is a 2 · 2 or 4 · 4 matrix according as the deter-
mination of the eﬀective bulk or shear modulus is concerned (see Sections 3 and 4 for details). Introducing the
‘‘transfer matrices’’ M(k) (see, e.g., Herve´ and Zaoui, 1993) byMðkÞ ¼ L1kþ1ðrkÞLkðrkÞ; ð10Þ
the system of Eq. (9) is equivalent towkþ1 ¼MðkÞwk: ð11Þ
Applying this recurrent equation, we obtainwkþ1 ¼MðkÞQðk1ÞMð0Þw0; ð12Þ
whereQðk1Þ ¼
Yk1
j¼1
MðjÞ: ð13ÞEq. (12) allows us to determine the components of each wk by taking into account the boundary conditions
and by imposing an appropriate condition on w0 so as to avoid the displacement singularity in the core of
the composite sphere.
Due to the presence of the composite sphere in the eﬀective medium, the initially uniform strain and stress
ﬁelds of the latter are disturbed. Under the conditions (3) and (4), the strain-energy UðeÞ and stress-energy
W ðrÞ are given by the following formulas of Eshelby (1956):U ¼ U 0 þ 1
2
Z
Sn
ðt  u0  t0  uÞdS; ð14Þ
W ¼ W 0  1
2
Z
Sn
ðt  u0  t0  uÞdS; ð15Þwhere u0 and t0 are the initial traction and displacement vectors on Sn and u and t are the traction and dis-
placement vectors on Sn when the composite sphere has been introduced. As in the GSCM of Christensen
and Lo (1979), the bulk and shear moduli j* and l* of the eﬀective medium are required to be such that
the presence of the composite sphere does not change the initial strain- or stress-energy. Thus, the self-consis-
tency condition reads
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Sn
ðt  u0  t0  uÞdS ¼ 0: ð16ÞCompared with the GSCM of Christensen and Lo (1979) or its multiphase extension made by Herve´ and
Zaoui (1993), the model described above uses the same idea but involves an additional parameter q which ren-
ders the GSCM richer and more versatile.
3. Eﬀective bulk modulus for multiphase composites
In order to evaluate the eﬀective bulk modulus j* of the composite described above, we let X undergo either
of the isotropic uniform strain boundary conditionuðxÞ ¼ e0x ð17Þ
or isotropic uniform stress boundary conditiontðxÞ ¼ r0nðxÞ; ð18Þ
where x 2 oX and e0 and r0 are constant strain and stress, respectively.
Using the system of spherical coordinates (r,h,u) associated to a spherical orthonormal basis {er, eh, eu}
with the origin at the center of the composite sphere, the conditions (17) and (18) can be equivalently rewritten
asurðxÞ ¼ e0r; uhðxÞ ¼ uuðxÞ ¼ 0; x 2 oX; ð19Þ
rrrðxÞ ¼ r0; rrhðxÞ ¼ rruðxÞ ¼ 0; x 2 oX: ð20ÞOwing to the spherical symmetry of the problem, the solution for the displacement ﬁeld in layer k is necessarily
radial. More precisely, its displacement components are given by (see, e.g., Love, 1927):uðkÞr ðxÞ ¼ F krþ
Gk
r2
; uðkÞh ðxÞ ¼ uðkÞu ðxÞ ¼ 0 ð21Þwhere Fk and Gk are unknown constants. The resulting non-zero strains are given byeðkÞrr ¼ F k 
2Gk
r3
; eðkÞhh ¼ eðkÞuu ¼ F k þ
Gk
r3
: ð22ÞUsing Eq. (1) we obtain the corresponding non-zero stress componentsrðkÞrr ¼ 3jkF k 
4lkGk
r3
; rðkÞhh ¼ rðkÞuu ¼ 3jkF k þ
2lkGk
r3
: ð23ÞIn the core of the composite sphere, the requirement of ﬁniteness of the displacement at r = 0 has the conse-
quence thatG0 ¼ 0: ð24Þ
Concerning the outside medium, the constant Fn+1 is determined by the boundary condition Eq. (19) or Eq.
(20) with r!1:F nþ1 ¼
e0 for condition ð19Þ;
r0
3j for condition ð20Þ:
(
ð25ÞDeﬁning the vector wk = (Fk,Gk)
T, and introducing the matrix Lk(r) and the ‘‘transfer matrix’’ M
(k)(r) byLkðrÞ ¼
r 1r2
3jk
4lk
r3
" #
; ð26Þ
MðkÞðrÞ ¼ 1
3jkþ1 þ 4lkþ1
3jk þ 4lkþ1 4r3 ðlkþ1  lkÞ
3ðjkþ1  jkÞr3 3jkþ1 þ 4lk
 
; ð27Þ
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constants Fk and Gk, with k = 1,2, . . . ,n, in terms of the unknown F0 by Eq. (12).
The eﬀective bulk modulus j* is determined by using the self-consistency condition (16) where the initial
traction and displacement vectors t0 and u0 readu0 ¼ ðe0r; 0; 0ÞT; t0 ¼ ð3je0; 0; 0ÞT for condition ð17Þ; ð28Þ
oru0 ¼ ðr0r=3j; 0; 0ÞT; t0 ¼ ðr0; 0; 0ÞT for condition ð18Þ; ð29Þ
and the traction and displacement vectors t and u after inserting composite sphere are given byu ¼ F nþ1rþ Gnþ1r2 ; 0; 0
 T
; t ¼ 3jF nþ1  4l
Gnþ1
r3
; 0; 0
 T
: ð30ÞSubstituting Eqs. (28) (or (29)) and (30) into Eq. (16) results in the simple conditionGnþ1 ¼ 0: ð31Þ
Using Eq. (12) with k = n and accounting for Eqs. (13) and (27), Eq. (31) leads to the following quadratic
equation:AðjÞ2 þ Bj þ C ¼ 0 ð32Þ
whereA¼ 9Qðn1Þ11 r3n9Qðn1Þ12 r3nr30þ9Qðn1Þ21 9Qðn1Þ22 r30;
B¼ 12Qðn1Þ11 r3nl19Qðn1Þ11 jnr3nþ9Qðn1Þ12 j1r30r3nþ9Qðn1Þ12 jnr30r3nþ12Qðn1Þ21 l1þ12Qðn1Þ21 lnþ9Qðn1Þ22 j1r3012Qðn1Þ22 lnr30;
C¼12Qðn1Þ11 jnl1r3n9Qðn1Þ12 jnj1r3nr30þ16Qðn1Þ21 lnl1þ12Qðn1Þ22 j1lnr30: ð33ÞIn these equations, Qðn1Þ11 , Q
ðn1Þ
12 , Q
ðn1Þ
21 and Q
ðn1Þ
22 stand for the components of Q
(n1).
In the Appendix A, we show that the coeﬃcient A given by (33)1 is strictly positive while the coeﬃcient C
given by (33)3 is strictly negative. The eﬀective bulk modulus j* corresponds thus to the single real positive
root of (32):j ¼ 1
2A
ð
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
B2  4AC
p
 BÞ: ð34ÞIt is interesting to note that G0 = 0 and Gn+1 = 0 when the eﬀective bulk modulus j* is given by Eq. (34). In-
deed, this means that the strain and stress ﬁelds in the core of the composite sphere and in the eﬀective external
medium are uniform, although its values are not the same. Therefore, we can continue to introduce other sim-
ilar composite spheres in the core without disturbing the ﬁelds in it, and without changing those in the outside
medium as well. These composite spheres need not to be concentric with the original composite sphere (Fig. 2).
Repeating this process of replacement with composites spheres ad inﬁnitum, the core of the main sphere can
be completely ﬁlled with such similar composite spheres. Furthermore, similar composite spheres of all sizes
can be inserted in the outside eﬀective medium so as to end up in a microstructure in which only n constituent
phases are present (see Fig. 2 in Milgrom and Shtrikman (1989) for case n = 2).
In the particular case of r0 = 0, i.e. q = 1, the core of the composite spheres disappears, the (n + 1)-phase
model of Herve´ and Zaoui (1993) is obtained. Indeed, setting r0 = 0 in Eq. (34) together with Eq. (33), we ﬁnd,
in Appendix B, Eq. (45) the result obtained by Herve´ and Zaoui (1993).
4. Eﬀective shear modulus for multiphase composites
To evaluate the eﬀective shear modulus l*, the inﬁnite medium X is subjected to either the uniform simple
shear strain boundary conditionu01ðxÞ ¼ c0x1; u02ðxÞ ¼ c0x2; u03ðxÞ ¼ 0; ð35Þ
Fig. 2. The composite sphere whose core is ﬁlled with similar composite spheres.
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coordinate system, Eq. (35) takes the equivalent form:u0r ðr; h; uÞ ¼ c0r sin2 h cos 2u;
u0hðr; h; uÞ ¼ c0r sin h cos h cos 2u;
u0uðr; h; uÞ ¼ c0r sin h sin 2u;
8><>: ð37Þ
and Eq. (36) becomest0r ðr; h; uÞ ¼ s0 sin2 h cos 2u;
t0hðr; h; uÞ ¼ s0 sin h cos h cos 2u;
t0uðr; h; uÞ ¼ s0 sin h sin 2u:
8><>: ð38Þ
From the boundary conditions (37) or (38), it can be shown (see, e.g., Love, 1927) that the displacement ﬁeld
in phase k admits the following form:uðkÞr ðr; h; uÞ ¼ U ðkÞr ðrÞ sin2 h cos 2u;
uðkÞh ðr; h; uÞ ¼ U ðkÞh ðrÞ sin h cos h cos 2u;
uðkÞu ðr; h; uÞ ¼ U ðkÞu ðrÞ sin h sin 2u;
8><>: ð39Þ
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U ðkÞr ðrÞ ¼ Akr 6mk12mk Bkr3 þ
3Ck
r4 þ 54mk12mk
Dk
r2 ;
U ðkÞh ðrÞ ¼ Akr 74mk12mk Bkr3 
2Ck
r4 þ 2Dkr2 ;
U ðkÞu ðrÞ ¼ U ðkÞh ðrÞ:
8><>: ð40Þ
In these expressions, mk is the Poisson ratio of phase k, and Ak, Bk, Ck and Dk are unknown constants.
Substituting the strain ﬁeld corresponding to the displacement ﬁeld (40) in to Eq. (1), we obtain the expres-
sions for the components of the traction vector:rðkÞrr ¼ 2 sin2 h cos 2u½lkAk þ 3mk12mk Bklkr2 
12Cklk
r5 þ 2ðmk5Þ12mk
lkDk
r3 ;
rðkÞrh ¼ sin 2h cos 2u½lkAk  7þ2mk12mk Bklkr2 þ
8Cklk
r5 þ 2ð1þmkÞ12mk
lkDk
r3 ;
rðkÞru ¼ 2 sin h sin 2u½lkAk þ 7þ2mk12mk Bklkr2 
8Cklk
r5  2ð1þmkÞ12mk
lkDk
r3 :
8><>: ð41Þ
In order to avoid singularity in the core of composite sphere, the constants C0 et D0 must vanish:C0 ¼ 0; D0 ¼ 0: ð42Þ
Using the boundary condition (37) or (38) with r!1, we derive the expressions for Bn+1 and An+1 as follows:Bnþ1 ¼ 0; ð43Þ
Anþ1 ¼
c0 for condition ð37Þ;
s0
2l for condition ð38Þ:
(
ð44ÞDeﬁning the vector wk = (Ak,Bk,Ck,Dk)
T and introducing the matrix Lk(r) byLkðrÞ ¼
r  6mk
12mk r
3 3
r4
54mk
12mk
1
r2
r  74mk
12mk r
3  2r4 2r2
lk
r
3mk
12mk lkr  12r6 lk
2ðmk5Þ
12mk
lk
r4
lk
r  7þ2mk12mk lkr 8r6 lk
2ð1þmkÞ
12mk
lk
r4
2666664
3777775 ð45Þthe remaining unknown constants Ak, Bk, Ck and Dk can be speciﬁed by the conditions (12) resulting from the
continuity of the displacements ur and uh and the continuity of the stresses rrr and rrh across the interfaces Sk.
The eﬀective shear modulus l* is evaluated by exploiting the self-consistency condition (16). In this equa-
tion, the components of the initial displacement and traction vectors u0 ¼ ðu0r ; u0h; u0uÞT and t0 ¼ ðr0rr; r0rh; r0ruÞT
have the following respective expressions according as (37) or (38) is considered:
when the strain boundary condition (37) is under consideration,u0r ¼ c0r sin2 h cos 2u;
u0h ¼ c0r sin h cos h cos 2u;
u0u ¼ c0r sin h sin 2u;
8><>: and
r0rr ¼ 2lc0 sin2 h cos 2u;
r0rh ¼ 2lc0 sin h cos h cos 2u;
r0ru ¼ 2lc0 sin h sin 2u;
8><>: ð46Þ
when the stress boundary condition (38) is concerned:u0r ¼ s02l r sin2 h cos 2u;
u0h ¼ s02l r sin h cos h cos 2u;
u0u ¼  s02l r sin h sin 2u;
8><>>: and
r0rr ¼ s0 sin2 h cos 2u;
r0rh ¼ s0 sin h cos h cos 2u;
r0ru ¼ s0 sin h sin 2u:
8><>: ð47Þ
The components of the displacement and traction vectors u = (ur,uh,uu)
T and t = (rrr,r rh,rru)
T after inserting
the composite sphere are given by (39) and (41) with k = n + 1.
Substitution of the expressions of u, t, u0 and t0 into Eq. (16) gives rise toDnþ1 ¼ 0: ð48Þ
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fourth-order polynomial equationn4ðlÞ4 þ n3ðlÞ3 þ n2ðlÞ2 þ n1l þ n0 ¼ 0; ð49Þ
where the coeﬃcients are deﬁned byn4 ¼ 4C21ð5m þ 7Þ;
n3 ¼ r20½ð24H21 þ 4U21 þ 36D12 þ 16K12Þm þ 28ðU12 þ K21Þ þ r2nð2C13 þ 2C14 þ C32 þ 3C42Þð5m þ 7Þ;
n2 ¼ 4r40X12ð7þ 10mÞ þ r20r2n½ð27D24 þ 12H13 þ 8K31 þ 2U14 þ 8K41 þ U32 þ 12K24 þ 2U13 þ 3U42
þ 4K23 þ 9D23 þ 6H32 þ 18H42 þ 18D41 þ 18D31 þ 12H14Þm
þ 14K13 þ 14U41 þ 14K14 þ 7U23 þ 21K42 þ 14U31 þ 21U24 þ 7K32 þ r4nC34ð7þ 5mÞ;
n1 ¼ r40r2n½ð20X41 þ 20X31 þ 10X23 þ 30X24Þm þ 14X14 þ 14X13 þ 21X42 þ 7X32
þ r20r4n½ðU34 þ 6H34 þ 9D43 þ 4K43Þm þ 7U43 þ 7K34;
n0 ¼ r40r4nX43ð7þ 10mÞ: ð50Þ
In these expressions, use is made of the following notations:Xab ¼ Ka1Kb2  Ka2Kb1; Cab ¼ Ka3Kb4  Ka4Kb3;
Kab ¼ Ka1Kb4  Ka4Kb1; Dab ¼ Ka1Kb3  Ka3Kb1; ð51Þ
Uab ¼ Ka2Kb3  Ka3Kb2; Hab ¼ Ka2Kb4  Ka4Kb2;where a 2 {1,2,3,4}, b 2 {1,2,3,4} and the matrix K is deﬁned by
K ¼ LnðrnÞQðn1ÞL11 ðr0Þ: ð52ÞSince the composite is isotropic, its eﬀective Poisson ratio is hence related to its eﬀective bulk and shear moduli
bym ¼ 3j
  2l
6j þ 2l : ð53ÞSubstituting this expression into Eq. (49) together with Eqs. (50) and (51), we obtain the following ﬁfth-order
polynomial equation:bn5ðlÞ5 þ bn4ðlÞ4 þ bn3ðlÞ3 þ bn2ðlÞ2 þ bn1l þ bn0 ¼ 0; ð54Þ
wherebn5 ¼ 16C12;bn4 ¼ r20ð48H21 þ 64U21 þ 88K12 þ 72D12Þ þ r2nð8C41 þ 4C23 þ 8C31 þ 12C24Þ þ 228jC12;bn3 ¼ 136X12r40 þ r20r2nð22K23 þ 44K41 þ 36D31 þ 66K24 þ 54D24 þ 24H14 þ 44K31 þ 18D23 þ 32U13
þ 36H42 þ 12H32 þ 36D41 þ 16U32 þ 32U14 þ 24H13 þ 48U42Þ
þ 4C43r4n þ r20jð72H12 þ 120K12 þ 108D21 þ 156U21Þ þ r2njð114C31 þ 171C24 þ 114C41 þ 57C23Þ;bn2 ¼ r40r2nð102X24 þ 34X23 þ 68X41 þ 68X31Þ þ 48jr40X12 þ r4nr20ð12H34 þ 18D43 þ 22K43 þ 16U34Þ
þ r2nr20j2ð36H41 þ 30K23 þ 18H23 þ 54D14 þ 78U13 þ 54H24
þ 90K24 þ 78U14 þ 60K41 þ 39U32 þ 60K31 þ 36H31 þ 117U42
þ 54D13 þ 27D32 þ 81D42Þ þ 57r4njC43;bn1 ¼ 34r40r4nX43 þ jr40r2nð24X31 þ 36X24 þ 24X41 þ 12X23Þ þ jr20r4nð18H43 þ 27D34 þ 30K43 þ 39U34Þ;bn0 ¼ 12r40r4njX43; ð55Þand the eﬀective bulk modulus j* is determined by Eq. (34).
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numerically. The numerical checks we have made show that, under the usual requirement that j i > 0
and li > 0, Eq. (54) has one and only one positive root. This positive root corresponds to the eﬀective
shear modulus l*.
In the particular case where the core of the composite sphere disappears, i.e., r0 = 0, the microstructural
model presented above reduces to the one of Herve´ and Zaoui (1993). Indeed, introducing r0 = 0 into Eq.
(54) and accounting for Eqs. (51), (52) and (55), Eq. (54) is simpliﬁed into the quadratic equation (51) of Herve´
and Zaoui (1993). For more details, the reader refers to Appendix C.
5. Two-phase composites
In this section, we study in detail the most important case of an isotropic composite material consisting of
two isotropic phases which cannot be discriminated as a host matrix phase and an inclusion phase. The
eﬀective bulk and shear moduli of this composite material is now estimated by the one-parameter generalized
self-consistent model presented in the preceding sections with n = 2. As will be shown below, when the
microstructural parameter q deﬁned by Eq. (8) varies from 0 to 1, our one-parameter GSCM exhibits a rich
spectrum of features that the classical GSCM does not possess.
5.1. Eﬀective bulk modulus
Setting n = 2 in Eqs. (33), the general expression (34) for the eﬀective bulk modulus reduces toj ¼ 1
2A
ð
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
B2  4AC
p
 BÞ ð56ÞwhereA ¼ 9ð1 c2qÞðj1c2 þ j2c1Þ þ 12l2c1 þ 12ð1 qÞl1c2;
B ¼ ð1 c2qÞð9j1j2 þ 16l1l2Þ  12ðc2  c1  c22qÞðl1j2  l2j1Þ
 12ðl2j2  l1j1Þc1c2q;
C ¼ 16l1l2ð1 c2qÞðj1c1 þ j2c2Þ  12j1j2½c1l1 þ c2l2ð1 qÞ: ð57ÞIn view of the positiveness of ji and li and due to the fact that 0 < q 6 1 and 0 6 ci 6 1, it is easy to check that
A > 0 and C < 0. The expression (56) together with (57) coincides with Eq. (3.11) of He and Benveniste (2004)
provided we take a1 = a2 = 1 in the latter equation.
If the phases of the composite are well-ordered in the sense that (j2j1)(l2  l1)P 0, the classical result of
Hashin and Shtrikman (1963) implies thatjHS 6 j 6 jHSþ ð58Þ
where jHS and j
HS
þ are the lower and upper Hashin–Shtrikman bounds. Without loss of generality, assuming
thatj1 P j2; l1 P l2; ð59Þ
then we havejHS ¼ j2 þ
c1ðj1  j2Þ
1þ 3c2ðj1j2Þ
3j2þ4l2
; jHSþ ¼ j1 þ
c2ðj2  j1Þ
1þ 3c1ðj2j1Þ
3j1þ4l1
: ð60ÞNow, we examine how the eﬀective bulk modulus j* given by (56) changes with q as follows:
First, note that j ¼ jHS when q = 1. This is because the microstructure corresponding to q = 1 is equiva-
lent to the composite sphere assemblage of Hashin and Shtrikman (1962) in which the phase forming the coat-
ing is softer than the phase constituting the core.
Next, letting q! 0, it follows immediately from (56) and (57) that
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2bA ð
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃbB2  4bA bCp  bBÞ ð61Þ
withbA ¼ 9ðj1c2 þ j2c1Þ þ 12ðl1c2 þ l2c1Þ;bB ¼ 9j1j2 þ 16l1l2 þ 12ðl1j2  l2j1Þðc1  c2Þ;bC ¼ 16l1l2ðj1c1 þ j2c2Þ  12j1j2ðc1l1 þ c2l2Þ: ð62Þ
We see that the expression (61) is symmetric with respect to the the elastic moduli and volume fractions of
phases 1 and 2. Indeed, as q! 0, the associated microstructure is equivalent to an assemblage of composite
spheres of which each consists of a core of unknown eﬀective material and surrounded with two inﬁnitesimally
thin shells of phases 1 and 2. Thus, while retaining their prescribed volume fractions, phases 1 and 2 can be
interchanged without aﬀecting the eﬀective bulk modulus. The result (61) is expected to be particularly suitable
for estimating the eﬀective bulk modulus of isotropic composites which have a symmetric microstructure. For-
mula (61) can be derived from the formulae (3.20) and (3.21) of He and Benveniste (2004) by taking
a1 = a2 = 1.
Finally, it is shown in Appendix D that, when q increases from 0 to 1, the eﬀective bulk modulus j* given by
(56) is a continuously decreasing function of q. This means that j* diminishes continuously from j0 to jHS
when q increases from 0 to 1. The monotony of j* with respect to q was not proved in the work of He and
Benveniste (2004).
Above, the stiﬀ phase, i.e. phase 1, forms the inner coating while the soft phase, i.e. phase 2, constitutes the
outer coating. Using phase 1 for the outer coating and phase 2 for inner coating, we can draw similar
conclusions:
– When q = 1, we have j ¼ jHSþ .
– As q! 0, j* is given by (61).
– If q increases from 0 to 1, j* augments continuously from j0 to jHSþ .
From the foregoing discussions, we see that, with respect to the eﬀective bulk modulus, the parameter q
allows to indirectly measure how far a microstructure is from the host matrix/inclusion morphology. In addi-
tion, by varying q from 0 to 1 and by letting the outer coating be made successively of phase 1 and phase 2, the
whole spectrum of the eﬀective bulk modulus between the lower and upper Hashin–Shtrikman bounds can be
realized.
To numerically illustrate the features of the eﬀective bulk modulus shown above, we now consider a two-
phase composite made of aluminium and SiC. The phase moduli are given as follows:
• SiC: j1 = 223 GPa, l1 = 188 GPa;
• Aluminium: j2 = 65.6 GPa, l2 = 31 GPa.
The numerical values of the eﬀective bulk modulus j* given by Eq. (56) are presented in terms of the phase
volume fraction c2 and of the microstructural parameter q (= 0.0001, 0.25, 0.50, 0.75 and 1) in Figs. 3 and 4.
More precisely, Fig. 3 corresponds to the composite-core/SiC/aluminum/composite-host morphology while
Fig. 4 relates to the composite-core/aluminium/SiC/ composite-host morphology. We note that the resulting
eﬀective bulk modulus complies always with the lower and upper Hashin–Shtrikman bounds. In Fig. 3 where
the aluminium phase (the soft one) forms the outer coating and the SiC phase (the stiﬀ one) constitutes the
inner coating, the eﬀective bulk modulus is a decreasing function of q for any given phase volume fraction
c2. In particular, when q = 1, the eﬀective bulk modulus coincides with the lower Hashin–Shtrikman bound.
On the contrary, in Fig. 4 where phases 1 and 2 are interchanged so that the stiﬀ and soft phases form the
outer and inner coatings, respectively, the eﬀective bulk modulus shown by Fig. 4 becomes an increasing
function of q. However, when q is small enough, for example q = 0.0001, the two curves of the eﬀective bulk
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eﬀects on the eﬀective bulk modulus.5.2. Eﬀective shear modulus
The equation governing the eﬀective shear modulus of two-phase composites is obtained by posing n = 2 in
Eqs. (54) and (55). In general, the ﬁfth-order polynomial Eq. (54) can be solved only numerically. Hence, we
consider the above numerical example concerning an aluminum–SiC composite. Solving Eq. (54), the eﬀective
shear modulus l* depending on the volume fraction c2 and the microstructural parameter q (=0.0001, 0.25,
0.50, 0.75 and 1) is plotted in Figs. 5 and 6. Observe that the numerical values obtained for l* respect the lower
and upper Hashin–Shtrikman bounds but they are not monotonous with respect to q. In addition, in the spe-
cial case of q = 1, the upper or lower Hashin–Shtrikman bounds on the eﬀective shear modulus are not
achieved. This contrasts with the remarkable properties of the eﬀective bulk modulus discussed above.
However, as q! 0, Eqs. (54) and (55) governing the eﬀective shear modulus becomes a simple quadratic
equation (see Appendix E for more details):Fig. 5.
phase~n2ðlÞ2 þ ~n1l þ ~n0 ¼ 0 ð63Þ
where~n2 ¼ ð1 m2Þð8 10m1Þl2c1 þ ð1 m1Þð8 10m2Þl1c2;
~n1 ¼ l1l2ð4m2c2 þ 4m1c1 þ m1 þ m2  1 5m1m2Þ;
~n0 ¼ l21l2ð1 m2Þð7 5m1Þc1  l22l1ð1 m1Þð7 5m2Þc2: ð64ÞSince li > 0, 1 6 mi 6 1/2 and 0 6 ci 6 1 with i = 1 or 2, it follows that0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
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Thus, Eq. (63) admits one and only one real positive root for l*:l ¼ 1
2~n2
ð
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
~n21  4~n0~n2
q
 ~n1Þ: ð66ÞThe expressions of ~nj in Eqs. (64) are symmetric with respect to the material properties and volume fractions of
phases 1 and 2. Thus, the interchange of phases 1 and 2 whose volume fraction are kept unchanged does not
aﬀect the eﬀective shear modulus given by Eq. (66). This property is similar to the relevant one of the eﬀective
bulk modulus.
In the particular case of q = 1, i.e., r0 = 0, Eqs. (54) and (55) with n = 2 are simpliﬁed into the well-known
quadratic equation (3.14) of Christensen and Lo (1979) characterizing the eﬀective shear modulus of a two-
phase composite having a host matrix/inclusion morphology.5.3. Equivalent replacement in the case of inﬁnitesimally thin layers
In our model, when q! 0, the coatings surrounding the core made of the eﬀective material become inﬁn-
itesimally thin layers. In the above discussions, we have seen that the eﬀective bulk and shear moduli are sym-
metric with respect to the moduli and volume fractions of phases 1 and 2. Then, it is natural to ask the
question of whether the two inﬁnitesimally thin layers can be replaced by one equivalent homogeneous layer.
To give a response to this question, we ﬁrst use the formulae for the homogenization of layered materials (see,
e.g., Milton, 2002) to obtain an equivalent homogeneous layer which is spherically transversely isotropic. We
then apply the method presented by Le Quang and He (2004) to extend the classical GSCM to estimating the
eﬀective bulk and shear moduli of a composite consisting of spherically transversely isotropic phases. Thus,
with the help of the foregoing aluminium–SiC composite, we numerically check that the eﬀective bulk and
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Fig. 7. Eﬀective bulk modulus remains unchanged when the two inﬁnitesimally thin layers are replaced by the corresponding homogenized
layer.
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homogenized layer (see Figs. 7 and 8).
6. Closing remarks
Using the microstructure introduced by Milgrom and Shtrikman (1989) and inspired by the recent work
of He and Benveniste (2004), a one-parameter GSCM has been proposed to estimate the eﬀective moduli
of isotropic composites consisting of isotropic phases in certain number of situations for which the clas-
sical version of GSCM fails to be applicable. The proposed model turns out to be much richer and much
more versatile than the classical GSCM. However, the important problem of identifying the characteristic
parameter q of the proposed model from some given microstructural information or from some given
macroscopic data was not investigated in the present work. This will be done in detail in a forthcoming
work.
Nevertheless, for the reader’s sake, we here present a simple solution to the problem of identifying q in the
most important case of isotropic composites with isotropic phases. This solution is based both on the avail-
ability of experimental macroscopic data on the eﬀective bulk modulus and on the fact that the whole spec-
trum of the eﬀective bulk modulus between the lower and upper Hashin-Shtrikman bounds can be realized by
varying q from 0 to 1 in the proposed model. Indeed, assuming that the eﬀective bulk modulus value j* of an
isotropic composite with two isotropic phases has been experimentally measured, we can then compare this
value with the eﬀective bulk modulus value j0 given by formula (61) which is associated to q = 0. By this com-
parison, we can identify q as follows:
(i) If j* = j0, then q = 0. In this case, while keeping their volume fractions as prescribed, the two constit-
uent phases can be interchanged.
(ii) If j* < j0, it is then inferred from the results of §5.1 that the stiﬀ phase, say phase 1, forms the inner
coating and the soft phase, i.e. phase 2, constitutes the outer coating of the proposed one-parameter GSCM.
To determine the value of q in terms of j*, we use formula (56). In Appendix D, it is shown that j* given by
(56) diminishes continuously from j0 to the lower Hashin-Shtrikman bound jHS when q increases from 0 to 1.
Thus, the value of q with q2]0,1] is uniquely determined by the experimental one of j* through (56) and has the
following expressionq ¼
bAðjÞ2 þ bBj þ bC
c2ð4l2 þ 3jÞ 4l1ðc1j1 þ c2j2  jÞ þ 3jj1j2 1j  c1j1 
c2
j2
 h i ; ð67Þ
where bA, bB and bC are deﬁned in Eq. (62).
(iii) If j* > j0, then phase 1 serves as the outer coating whereas phase 2 composes the inner coating of the
proposed one-parameter GSCM. To ﬁnd the value of q in terms of j*, we invoke formula (56) in which the
permutations c1M c2, j1M j2 and l1M l 2 must be made for the case under consideration. Then, j* provided
by (56) increases continuously from j0 to the upper Hashin–Shtrikman bound jHSþ when q increases from 0 to
1. Consequently, the value of q with q2]0,1] is also uniquely determined by the experimental one of j* via (56).
More precisely,q ¼
bAðjÞ2 þ bBj þ bC
c1ð4l1 þ 3jÞ 4l2ðc1j1 þ c2j2  jÞ þ 3jj1j2 1j  c1j1 
c2
j2
 h i : ð68Þ
The value of q identiﬁed by the forgoing procedure can then be used in estimating the eﬀective shear modulus
l* of the composite by formula (54), which is much less accessible to direct experimental measurement.
The conclusions reached in Section 5 for two-phase composites are not all valid for multiphase composites.
For example, when q = 1, the formula for the eﬀective bulk modulus does not give rise to the lower or upper
Hashin–Shtrikman bound even when the phases are well-ordered. However, when q! 0, the conclusion that
interchanging the constituent phases has no eﬀect on the eﬀective bulk and shear moduli holds for multiphase
composites. In this case, it will be interesting to compare the results of the proposed model with those from the
self-consistent model of Hill (1965) for example.
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respectively
This appendix consists in showing by recurrence that the coeﬃcient A deﬁned by Eq. (33)1 is strictly positive
while the coeﬃcient C deﬁned by Eq. (33)3 is strictly negative for all number nP 2, viz.9Qðn1Þ11 r
3
n  9Qðn1Þ12 r3nr30 þ 9Qðn1Þ21  9Qðn1Þ22 r30 > 0 ðA:1Þ
12Qðn1Þ11 jnl1r
3
n þ 9Qðn1Þ12 jnj1r3nr30  16Qðn1Þ21 lnl1  12Qðn1Þ22 j1lnr30 > 0: ðA:2ÞIn order to prove (A.1) and (A.2), we ﬁrst assume two following auxiliary inequalities:3jnQ
ðn1Þ
11 r
3
n  3jnQðn1Þ12 r3nr30  4lnQðn1Þ21 þ 4lnQðn1Þ22 r30 > 0; ðA:3Þ
4Qðn1Þ11 l1r
3
n þ 3Qðn1Þ12 j1r3nr30 þ 4Qðn1Þ21 l1 þ 3Qðn1Þ22 j1r30 > 0: ðA:4ÞStarting with the case of n = 2, inequalities (A.1)–(A.4) are reduced to27j1ðr32  r31Þ þ 27j2ðr31  r30Þ þ 36l2
r32
r31
ðr31  r30Þ þ 36l1
r30
r31
ðr32  r31Þ > 0; ðA:5Þ
36j1j2½l1
r32
r31
ðr31  r30Þ þ l2
r30
r31
ðr32  r31Þ þ 48l1l2½j2ðr32  r31Þ þ j1ðr31  r30Þ > 0; ðA:6Þ
9j1j2r32 þ 12j2l1
r32r
3
0
r31
þ 12j1l2r31 þ 16l1l2r30 þ 12
j2l2
r31
ðr32  r31Þðr31  r30Þ > 0; ðA:7Þ
9j1j2r30 þ 12j1l2
r32r
3
0
r31
þ 12j2l1r31 þ 16l1l2r32 þ 12
j1l1
r31
ðr32  r31Þðr31  r30Þ > 0: ðA:8ÞOwing to the fact that r0 6 r1 6 r2 and to the positiveness of li and ji, it is easy to verify that inequalities
(A.5)–(A.8) hold.
Next, assuming that (A.1)–(A.4) are true for n = m  1, i.e.,
X > 0; Y > 0; Z > 0; W > 0 ðA:9ÞwhereX ¼ 9Qðm2Þ11 r3m1  9Qðm2Þ12 r3m1r30 þ 9Qðm2Þ21  9Qðm2Þ22 r30;
Y ¼ 12Qðm2Þ11 jm1l1r3m1 þ 9Qðm2Þ12 jm1j1r3m1r30  16Qðm2Þ21 lm1l1  12Qðm2Þ22 j1lm1r30;
Z ¼ 3jm1Qðm2Þ11 r3m1  3jm1Qðm2Þ12 r3m1r30  4lm1Qðm2Þ21 þ 4lm1Qðm2Þ22 r30;
W ¼ 4Qðm2Þ11 l1r3m1 þ 3Qðm2Þ12 j1r3m1r30 þ 4Qðm2Þ21 l1 þ 3Qðm2Þ22 j1r30;then inequalities (A.1)–(A.4) are necessarily true for n = m. Indeed, letting n = m, (A.1)–(A.4) are equivalent
to9
r3m
r3m1
 1
 
Zþ 3jm þ 4lm
r3m
r3m1
 
X > 0; ðA:10Þ
3jm
r3m
r3m1
þ 4lm
 
Yþ 12jmlm
r3m
r3m1
 1
 
W > 0; ðA:11Þ
3jm
r3m
r3m1
þ 4lm
 
Zþ 4
3
jmlm
r3m
r3m1
 1
 
X > 0; ðA:12Þ
3jm þ 4lm
r3m
r3m1
 
Wþ r
3
m
r3m1
 1
 
Y > 0: ðA:13Þ
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proved for all nP 2. Consequently, the coeﬃcient A deﬁned by Eq. (33)1 is strictly positive and the coeﬃcient
C deﬁned by Eq. (33)3 is strictly negative.
Appendix B. Derivation of the eﬀective bulk modulus given by the (n + 1)-phase model of Herve´ and Zaoui (1993)
The model of Herve´ and Zaoui (1993) is associated to the case r0 = 0. Correspondingly, Eq. (32) together
with Eq. (33) reduces to½ð3Qðn1Þ11 r3n þ 3Qðn1Þ21 Þj  3Qðn1Þ11 jnr3n þ 4Qðn1Þ21 lnð4l1 þ 3jÞ ¼ 0: ðB:1Þ
Due to the fact that (4l1 + 3j*) > 0, Eq. (B.1) is equivalent toð3Qðn1Þ11 r3n þ 3Qðn1Þ21 Þj  3Qðn1Þ11 jnr3n þ 4Qðn1Þ21 ln ¼ 0: ðB:2Þ
Therefore, the eﬀective modulus is given byj ¼ 3Q
ðn1Þ
11 jnr
3
n  4Qðn1Þ21 ln
3ðQðn1Þ11 r3n þ Qðn1Þ21 Þ
: ðB:3ÞThis result is identical to Eq. (45) of Herve´ and Zaoui (1993).
Appendix C. Derivation of the eﬀective shear modulus given by the (n + 1)-phase model of Herve´ and Zaoui
(1993)
Setting r0 = 0 in Eqs. (54) and (55) yieldsd½n02ðl=lnÞ2 þ n01ðl=lnÞ þ n00 ¼ 0 ðC:1Þ
withd ¼ 4ðl
Þ2 þ 16l1l þ 57jl þ 48jl1
525ð1 m1Þ2ð1 2mnÞl21r6n
½7l1  5l1m1 þ 8l  10lm1ð1 2m1Þ; ðC:2Þ
Zab ¼ Qðn1Þa1 Qðn1Þb2  Qðn1Þa2 Qðn1Þb1 ; ðC:3Þ
n02 ¼ 4r10n ð1 2mnÞð7 10mnÞZ12 þ 20r7nð7 12mn þ 8m2nÞZ42 þ 12r5nð1 2mnÞðZ14  7Z23Þ ðC:4Þ
þ 16ð4 5mnÞð1 2mnÞZ43 þ 20r3nð1 2mnÞ2Z13; ðC:5Þ
n01 ¼ 3r10n ð1 2mnÞð15mn  7ÞZ12 þ 60r7nðmn  3ÞmnZ42  24r5nð1 2mnÞðZ14  7Z23Þ ðC:6Þ
 8ð1 5mnÞð1 2mnÞZ43  40r3nð1 2mnÞ2Z13; ðC:7Þ
n00 ¼ r10n ð1 2mnÞð5mn þ 7ÞZ12 þ 10r7nð7 m2nÞZ42 þ 12r5nð1 2mnÞ
 ðZ14  7Z23Þ þ 20r3nð1 2mnÞ2Z13  8ð7 5mnÞð1 2mnÞZ43: ðC:8Þ
Since l1 > 0, l1 > 0 and 1/2P m1P  1, 1/2P mnP  1, we have (7l1  5l1m1 + 8l*  10l*m1) > 0,
(1  2m1)P 0, (1  2mn)P 0 and [4(l*)2 + 16l1l * + 57j*l* + 48j*l1] > 0. Thus, d given by Eq. (C.2) is
strictly positive and Eq. (C.1) is reduced to following quadratic equationn02ðl=lnÞ2 þ n01ðl=lnÞ þ n00 ¼ 0: ðC:9Þ
This equation is identical to Eq. (51) given by Herve´ and Zaoui (1993).
Appendix D. Proof that the eﬀective bulk modulus provided by Eq. (56) is a monotonous function of q
Consider the eﬀective bulk modulus j* given by Eq. (56) to be a function of parameter q. It follows from
Eqs. (56) and (57) that
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dq
¼ EF
G
; ðD:1Þwhere E, F and G are given byE ¼ BA0  AB0; ðD:2Þ
G ¼ A
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
B2  4AC
p
; ðD:3Þ
F ¼ Bþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
B2  4AC
p
2A
 AC
0  CA0
BA0  AB0 : ðD:4ÞIn these formulae, A, B and C are provided by Eq. (57); the prime denotes the derivative with respect to q.
Substituting Eq. (57) into Eq. (D.2) yields the expression of E:E ¼ 12c1c2ðl2  l1Þ½12ðl1 þ l2Þðj2c1 þ j1c2Þ þ 9ðj21c2 þ j22c1Þ þ 16l1l2: ðD:5Þ
Under the condition (59),E 6 0: ðD:6Þ
Furthermore, E = 0 if and only if l1 = l2. Since A > 0 and
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
B2  4AC
p
> 0, the expression (D.3) implies thatG > 0: ðD:7Þ
Concerning the value of F, we deﬁne the functionf ðxÞ ¼ Ax2 þ Bxþ C: ðD:8Þ
The positiveness of A and the negativeness of C have the consequence thatx1 ¼  1
2A
ð
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
B2  4AC
p
þ BÞ < 0; x2 ¼ 1
2A
ð
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
B2  4AC
p
 BÞ > 0: ðD:9ÞNext, by settingx0 ¼AC
0  CA0
BA0  AB0
¼ 16l1l2ðj1c1 þ j2c2Þ þ 12ðl1 þ l2Þj1j2 þ 9j1j2ðj2c1 þ j1c2Þ
12ðl1 þ l2Þðj2c1 þ j1c2Þ þ 9ðj21c2 þ j22c1Þ þ 16l1l2
ðD:10Þwe see that x0 is strictly positive and f(x0) takes the following formf ðx0Þ ¼  3ðj1  j2Þ2ð4l2 þ 3j2Þð4l1 þ 3j1Þð4l1 þ 3j2Þð4l2 þ 3j1Þc1c2
 4c1l2 þ 3c1j2ð1 c2qÞ þ 3c2j1ð1 c2qÞ þ 4c2l1ð1 qÞð12ðl1 þ l2Þðj2c1 þ j1c2Þ þ 9ðj21c2 þ j22c1Þ þ 16l1l2Þ2
: ðD:11ÞThen, we can writef ðx0Þ 6 0) x1 < 0 < x0 6 x2:
Hence,F ¼ x2  x0 P 0: ðD:12Þ
In particular, it is ready to prove that F = 0 if j1 = j2. Finally, using Eqs. (D.1), (D.6), (D.7) and (D.12), we
deduce that dj*/dq 6 0, i.e. j* is a decreasing function of q. In a similar way, it can be shown that j* is an
increasing function of q if the stiﬀ phase, i.e. phase 1, forms the outer coating while the soft phase, i.e. phase
2, constitutes the inner coating.
Appendix E. Derivation of the equation given by Eq. (63)
Expanding the expressions given by Eqs. (55) into a Taylor series in terms of q, we obtain
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3ðm1  1Þðm2  1Þl1l2
½l2c1ð1 m2Þð4 5m1Þ þ l1c2ð1 m1Þ
 ð4 5m2Þ þ 0ðq2Þ;bn3 ¼ 14qr32
3ðm1  1Þðm2  1Þl1l2
½15jðl2m1c1 þ l1m2c2Þ þ jðl2m1 þ l1m2Þ
 ð15m1m2 þ 12Þ þ 8l1l2ðm1c1 þ m2c2Þ þ 2l1l2ðm1 þ m2  1Þ
 12jðc1m2l2 þ c2m1l1Þ  10l1l2m1m2 þ 0ðq2Þ;bn2 ¼ 7qr32
3ðm1  1Þðm2  1Þ ½ð20m1m2 þ 28Þðl1c1 þ l2c2Þ þ 12j
ðc1m1 þ c2m2Þ
þ 20ðl1c1m1 þ l2c2m2Þ  15jm1m2 þ 3jðm1 þ m2  1Þ;
þ 28ðc2m1l2 þ c1m2l1Þ þ 0ðq2Þbn1 ¼ 7qjr32ðm1  1Þðm2  1Þ ½ð5m1m2 þ 7Þðl1c1 þ l2c2Þ þ 5ðc1l1m1 þ c2l2m2Þ
þ 7ðc2l2m1 þ c1l1m2Þ þ 0ðq2Þ;bn0 ¼ 0ðq2Þ: ðE:1ÞSubstituting these expressions into Eq. (54) gives7ð4l þ 3jÞqr32
3ðm1  1Þðm2  1Þl1l2
½~n2ðlÞ2 þ ~n1l þ ~n0 ¼ 0 ðE:2Þwhere the constants ~n2, ~n1 and ~n0 are speciﬁed by Eqs. (64).
Since li > 0, 1/2P miP  1, 1P ciP 0 and 1P q > 0, Eq. (E.2) is equivalent to Eq. (63).References
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